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Group—A
Answer any four questions : [4%5]
1. State the class equation for a finite group. Show that any group of order p? where p is a prime, has
nontrivial centre. [2+3]
2. Let G be a non-commutative group of order p where p is prime. Show that the centre of G has order p.
Also show thatx” € Z(G) forallx e G. [2+3]
3. Prove that any abelian group of order 55 is cyclic. [5]
4. Show that any group or order 30 cannot be simple. [5]
5. Define solvable group. Let H be a normal subgroup of a group G such that both H and G / H are
solvable. Prove that G is also solvable. [1+4]
6. State the fundamental theorem for finitely generated abelian group. Show that every finitely generated
torsion free abelian group is free. Give an example to show that finitely generated condition is
necessary. [2+2+1]
Group-—-B
Answer any six questions : [6%5]
7. Let F be a field. Show that any ring homomorphism of F into F is either trivial or an isomorphism. [5]
8. Anideal | in a commutative ring is called primary ideal if whenever abel, either a<lor b* elfor
some k>1. Show that if I is a primary ideal, then its radical Jlisa prime ideal. [5]
9. Show that in a commutative ring with identity, every maximal ideal is prime. Let R and S be two
integral domains such that their quotient fields are isomorphic. Is R isomorphic to S? Justify your
answer. [3+2]
10. Define irreducible and prime elements in an integral domain. Show that every prime element is
irreducible. [2+3]
11. Show that in a principal ideal domain (PID) every non-zero prime ideal is maximal. Show that the
result is not true if the ring is not necessarily a PID. [3+2]
12. Let A be a Noetherian ring and ¢ be a ring homomorphism from A onto a ring B. Prove that B is also
Noetherian. [5]
13. Show that every Artinian integral domain is a field. [5]
14. Let | and J be two distinct maximal ideals in a ring R with identity. Show that InJ=1J. [5]
15. Prove that in the ring Z[X], the ideal (5, X*+2) generated by 5 and X? + 2 is maximal. [5]




